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Part I 


BASICS 


Chapter 1 


A Brief Introduction 


@ Summary and Supplement 


‘le 


Two significant unifications 


e Maxwell’s equations : unification of electricity and magnetism 


e Glashow-Weinberg-Salam model : unification of electromagnetism and the weak force 


. Two successful quantum theories 


e QED: the quantization of electromagnetism 


e QCD: the quantization of strong color force 
The Standard Model 


e Quarks: (u,d), (c,s) and (t, b) 
e Leptons: (,e7), (Yi, ) and (v;,77) 


e Force carriers: W*, Z°, eight gluons and photon 
Quantum gravity 


e String theory 


e Loop quantum gravity 


Causal dynamical triangulation 
e Canonical general relativity 
e Noncommutative geometry 


e Twistor theory 
String Theory 


e Each particle is identified as a particular vibrational mode of an elementary string. 
e String theory does not have adjustable dimensionless parameters. 

e The dimensionality of spacetime is fixed. 

e There are two kinds of strings: open strings and closed strings. 

e The graviton appears as a vibrational mode of closed strings. 

e Bosonic strings live in 26 dimensions while superstrings in 10. 

e M-theory is eleven-dimensional. 

e Our world is part of the D-branes. 


e The AdS/CFT correspondence is a remarkable physical equivalence between a certain four- 
dimensional gauge theory and a closed superstring theory. 


e String theory has made good strides towards a statistical mechanics interpretation of black 
hole entropy. 


CHAPTER 1. A BRIEF INTRODUCTION 


Chapter 2 


Special Relativity and Extra 
Dimensions 


@ Summary and Supplement 


1. Intervals and Lorentz transformations 


a = (0°, 20%, 0?, 2°) = (ct,,9,2) (2.1) 
a-b= aby, = Qva"b” = —a°b® + atb! + a7b? + a3b? (2.2) 
vy. mye YO 
Nb Tp wb =98 Y 0 0 
eh= Tho’, [P= 0 0 10 (2.3) 
0 0 oO 1 
2. Light-cone coordinates 
1 
at ==(2°4+2'), 2 = 5(o —z;') (2.4) 
0 -1 0 0 
-1 0 0 0 
_ 2 —if jb Vv o = 
ds Auvdahdx”, uv 0 0 10 (2.5) 
0 0 01 
a-b=a,b* +a_b” +a9b7 +4369, a, =-a-,a_ =—at (2.6) 
1 7 1 
C240 te Sp BS PS Pe (2.7) 
HM Quick Calculations 
2.1 With the relation y = (1 — 8?)~1/?, it is easy to verify that 
(2°)? Ca (a?) (ey _— aa [(x® _ B'S? _ (—Bx° 4 x)? | _ Gale 23 (2°)? 
0\2 1)2 2\2 3)2 (2.8) 
Se ae ae a te) 
2.2 Using Eq. (2.2), we can obtain 
qty = —77(a° _ Ba')(b° _ Bb') +~77(—6a" +a')(—pb° +6') + a2? + a3b? 
= —a°b® + a'b! + a7? + ab? (2.9) 


2.3 


2.4 
2.5 


= attbl 


Suppose that xt = (a +21) = +(r° — Bx"), then we have y = w and 8 = —1. Therefore, 
such a transformation does not exist. 


2 > = 
oi —p p=Pmie — 72m2v? = 72(1 — B2)m2e2 = m2. 


Consider the plain (x, y) with the identification (a, y) ~ («+ 2a7R,y+27R). The resulting space 
is a two-dimensional torus. 


CHAPTER 2. SPECIAL RELATIVITY AND EXTRA DIMENSIONS 


@ Solutions to the Problems 

2.1 (a) 1C = (109 x 8.99 x 109)? esu = 3 x 10% esu. 
(b) If we set the Bolzmann’s contant kg = 1, then [K] = [N- m] = ML?T~?. 
(c) [e] = [esu] = M1/?23/27-1, [h] = ML?T-1, [c] = LT—1, so we have 


a (1.60210 x3 ye xI0? 


he 1.054 x 10-34 x 3 x 108 = 157 


In the Heaviside-Lorentz system of units, such a dimensionless number becomes e?/47he. 


2.2 (a) According to Eq. (2.4), we have 


1 1 1-6 
ee a pte')= gt 
5( )= 511 - Ble? +2") = 5 
1 1 1+ 
a! = (7 — x"! ee f+ 7? — xt — rT 
i ) = yi + Be? — 24) = 
g!? = 7? 
pris = 7 


1 1 0 1- 0 ind 
g't = —_(2° + cos@x* — sin6 x”) = ee ae po 
V2 2 2 V2 
1 1- 0 1 0 ind 
a’ = —=(2° — cos@ az’ +sin@ x”) = aoe as 4 a 
v2 2 2 V2 
in 
wo? =sinO 2! +cos@x? = — (ct +27) +cos0 x? 
v2 
fe meee 


(c) This case differs strikingly from that of (a). 


l iad yok We 
git =—_— fa — e° + gi = tat + —— —_ £7 
ee dice 5 ae! Md oe 
>= 2 — Br?) — x! at = 3 
Bees a l=-| ee 
gy! _ a? 
gf = af by! a8 LE ee es 3 
(Ba? +28) = - Tat bar) +9 
2.3 (a) With the relations ag = —a®, a, = a', a2 = a? and a3 = a, we can obtain 


ay = (ao + Bar), a, =7(Bao+a1), ay=a2, a3 = a3 


(b) We refer to the inverse Lorentz transformation. 


0 QO Ox° 0 da} 0 0 
5a = 9x0 G09 + Fal ogo ~ MGq0 + Pog? 
0 0 dx° 0 dx} O fo) 
Bat = Bad bat + Fat aat ~ 85g + Be? 
a a 
da ~ Dat 
a a 
a8 ~ Oa 


(c) Using the first quantization method, we have 


E 1_0 0 0 fs) h Oo 
=\——>,P2; »Pz) = —-tha, Lh—, Ih—, InR—) = ara 
Pu = ( ao Py»Pz) = ( c Ot On’ Oy : By i Oxt! 


(2.10a) 


(2.10b) 


(2.10c) 
(2.10d) 


(2.11a) 
(2.11b) 


(2.11c) 


(2.11d) 


(2.12a) 


(2.12b) 
(2.12c) 


(2.12d) 


(2.13) 


(2.14a) 
(2.14b) 
(2.14c) 


(2.14) 


(2.15) 


2.4 (a) The identification yields a semi-circle. There are two fixed points: x = 0, 1. A foundamental 
domain can be chosen as [0, 1]. 


(b) As we know, « = +1 are identified and y = +1 are identified. Then it is obvious that there 
are four fixed points: (0,0), (0,1), (1,0) and (1,1). 


2.5 Let tan@ = (, then we can obtain the following from the inverse Lorentz transformation: 
2° =tanOa'+y ‘2, 2° =cotO(2'—y'2"). (2.16) 
It is obvious that the 2’? and «’! axes appear in the original spacetime diagram as oblique axes. 


The angle between the x’° axis and the x° aixs is equal to that between the 2’! axis and the x! 
axis, 1.e. 0 = arctan. Diagrams for the axes are drawn in Fig. 2.1. 


O x! 


Fig. 2.1 The left illustrates how the axes appear when { > 0, while the right is for 6 < 0. 


2.6 (a) In light-cone coordinates, it can be written as (xt,x~) ~ (at,a~ — 2V2rR). 
(b) With the relations ct = y(ct’ + Bx’) and x = 7(6ct’ + 2’), we can obtain 


Bet! + 2! Bet! +2! 2x (R x! x! 1+6/R 
(cebu) ~ (Geb) + (a) > () ~(@) 2°) 7 


(c) From the following, we can see that the velocity parameter 6 = —R/,/R? + R2 and that the 
compactification radius R, = Rg. 


Bet! + 2! 7 Bet! +2’ 4 an (./R? + R?2 * x! 42 /R?2+ R2+6R 
ct! + Ba! ct’ + Ba! y —R ct! a i ae - ae Bf R? + R2 
(d) For example, (0,0) and (—27R, 27,/R? + R2) are related by the identification. 


(e) Lightlike compactification with Radius R arises by boosting a standard compactification with 
radius R, with Lorentz factor 7 ~ \/ R? + R2/Rz, in the limits as R, > 0. 


2.7 (a) Using the result in 2.2 (a), we can rewrite the identification (x°, x!) ~ (a#”°, a’") as 


The range of » is (—co, 00) and the orbifold fixed point is (0,0). 


(b) The spacetime diagram refers to Fig. 2.2. From Eq. (2.18), we see that e~*at-e+x27 = ata-. 


So the idenfitication above relates points on the curves of x+x2~ = a?. 


(c) —ds? = —2dx*dx- = —2dxtd() = 2(-)?(dx*)? > 0. Therefore, the interval is spacelike. 
(d) We choose (e%, e?*) as the integrating interval, then we have 


© eae ~ = V2a\ (2.19) 


e» 
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0 


x 


Fig. 2.2 The spacetime diagram for the x* axes and the family of curves x+a~ = a?. 


2.8 (a) The energy eigenvalues are Ex) = pci [(42)? + (4)?], so we have 


a 


_ maa facta Ei _ mkTaR 
Z(a,R)= f i exp (— 8) aki = =i (2.20) 


The results for a particle in a two-dimensional box with sides a and 27R are the same. 


(b) Since R « a, the lowest new energy level can be seen as Eo. Then, we have 


omkT 1 
fis 2 a 


2 
Eno < kT < Eo. > (=) < 


(2.21) 


And Z(a, R) in this regime with the leading correction due to the small extra dimension is 


20.8) =e (— scene) fo [- shen () Jee = SS ow (- Sere) 


Chapter 3 


Electromagnetism and Gravitation 
in Various Dimensions 


@ Summary and Supplement 
1. Classical electrodynamics 


e Maxwell’s equations in the Heaviside-Lorentz system of units 


10B 
E = —-—_ wl 
V x air (3.1a) 
V:-B=0 (3.1b) 
V-E=p (3.1¢) 
1 10E 
B=-j+-— ld 
Vx i) + Par (3.1d) 
e The Lorentz force d 
“P = (E+ =v x B) (3.2) 
dt 
e Vector and scalar potentials 
B=VxA (3.3a) 
10A 
= —-—-V® 3.3b 
c Ot ( ) 
2. Relativistic electrodynamics 
At = (®, A’, A?, A®), Ay = (—®, A’, A’, A®) (3.4) 


Fy = 0,Ay — OA, = (3.5) 
y 
i. By Be. 8 


OF + OpFL + OF yy, = 0 (3.6) 
i = (cp. 71.9.9), OyFMY = 27" (3.7) 
3. Gravitation and Planck’s length 
= ds? = guu(e)delde”, (2) gau() = 6, (3.8) 
Guv(£) = Que + hyv(x), O7hMY — Og (O4XhY% + OY AH®) + OHOYh = 0 (3.9) 
ct =a +(x), SAY = OMe’ + Are (3.10) 


lh [hi [hi 
lp = = = 1.61 x 10~* cm, tp = = =5.4x 107s, mp = a = 217 x10 e131) 
Cc (62 
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HM Quick Calculations 


3.1 Under the gauge transformations, F is invariant: 


10 10¢€ 10A 
EF’ = --—(A+4+Ve) —V(@—- -—) =--—-VO=E 3.12 
ci! r ) ( cat) c Ot ( ) 
3.2 As we know, Fy, is antisymmetrical: Fj, = —F,,. Therefore, we have 
Dypw + Tydvv = On (Fw + Fin) + On (EL + Fy) + OF yy + Fy) =0 (3.13a) 
Dy pw + Dy = On (Fw + Fin) + On (Ev + Fy) + OF yy + Fy) =0 (3.13b) 
3.3 With the definition F#” = nn’? Fg, we can obtain 
a tn’? Fp a nh? Fog = tn’? (Fog + Fa) = 0 (3.14a) 
Fe + Fo; = nin’® Fix + Fo; = —6* Fp + Fo; = 0 (3.14b) 
FY — By = nf* ny! Fy — Fiz = 5°56" Fa — Fiz = 0 (3.14c) 


The last one holds because the indices i, 7 = 1, 2,3. 
3.4 The following proof will use the property of the gamma function: T'(a# + 1) = 2I(z). 


d/2 d/2 pd d/2 
vol($*-1(R)) = 2 _ rt = “ pp) = BYR) = "2 


rH aR “TH ae7rasy® 4) 


3.5 Since (3) = V7, it is easy to get E(r) = 4. 
3.6 [F] = [g?-L¢* > [ag] = MP LAPT, 


3.7 Since [G] = M~!L°T~?, [c] = LT! and [h] = ML?T—!, we have -a+y =0, 80+ 6 +27 =1, 
—2a—6—y=0. Then, a= y=1/2 and 6 = —3/2. 


3.8 Ep = mpc? = 0.511 x 107? x 2.17 x 10-°/0.911 x 10727 = 1.22 x 10!9 GeV. 
3.9 fg-dl=J[(V xg)-dS =— ff Vx (VV,)-dS =0. 


3.10 Since the units of G) pm are the same in all dimensions, we have 


M M_ [cj2>M Gq) 3 (p)\D-2 _ AGW) GG) 
Tr = = (é) 


(Ogre = (Cle = pT GODOT HD 


Hi Solutions to the Problems 


3.1 We will check the case for y = 1. As we know, yds = cdt, Eyo = Ex, Ey, = 0, Fy2 = Bz, and 


Fiz = —By, it is easy to obtain 

dp, q ( dx® dx! dx? dx? 

— = =( Pip — 4+ Fi — + Po — + FF —) 

ee ae ge ae ae (3.16) 

q dy dz 1 : 
= (chy + Be - By =) = q[Bs + =(v Bs — v-By)) 
For p= 0, we have Foo = 0, Fo. = —Ex, Fo2 = —Ey, Fo3 = —Ez and po = —4. Then, 
1dE q dE 
~ og (Bate + Buty + Eeve) > Ge = qb v= Fv (3.17) 


Since F,,, is invariant under the gauge transformation and p, and x” is independent of A, it is 
a gauge invariant equation. 
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3.2 (a) T is nonvanishing only when each of its three indices takes a different value. 


10B OE OE 
OoF F Fo, = -— + = 
oF 2 + 01 F290 + O2Fo1 o OL + as By 0 


10B, OE, OE;y 

Oo Fiz + O1F 39 + 03Fo1 = “0 ee 
10B, OE, OE 

Oo Fas + OaFao + O3Foa = SHE + He Ti (3.18c) 


OB OB OB 
OF: Oo F: 03F\2 = ——+——+ ==0 wl 
1 £23 + O2f31 + O3f'12 i Oy OE (3.18d) 
The first three are the components of Eq. (3.1a) and the last one is just Eq. (3.1b). 


(b) 


(3.18a) 


=0 (3.18b) 


OF” OE, OE, OE: 146 
Ox” Ox = Oy * Oz e e 3.108) 


OF” 10E, OB, OBy 1, 


dx’ sc.“ | Oy dz c ony 
OF” 10B, OB, OB, 1. 

Oe 6 Ont Oe oF (3.190) 
OF” 10B, OB, OB, 1.3 

See ee ee 4 
Ox” c Ot Ox Oy e eg) 


The first one is just Eq. (3.1c) and the last three are the components of Eq. (3.1d). 


3.3 (a) Using the ansata E, = B, = By, =0, we can easily obtain the following from the Maxwell’s 
equations and the force law in four dimensions. 
OF, OE, 1 0B, OE, OE 
y ee ain ewe, (3.20) 
Ox Oy c Ot Ox Oy 
OB, 1, l0E, OB, 1.  10£, 


eng E Ee, Pt 3.21 
Oy e % c Ot Ox o € c Ot ( ) 
(b) With the Lorentz covariant formulation, we have AM = (®, A!, A), j“ = (cp, j',j”), and 
0 -E, —E, 0 Ey, Ey 
F»=-(|E, 0 3B. |, FY=(-E, 0 B, (3.22) 
h, =B,. -E, -B, 0 


Then 0)\Fyy + OnFvx + Oy Fay, = 0 and d,F#” = +3" will give the same equations with thoes 
obtained in (a). And the relativistic form of the force law yields 


dE dpx 1 dp 1 
=a Ey x E , a Ey = B, , = fy - = 2B, 2 
di q(Ezvz + Eyvy) di q(Ex + ae ) di q(Ey a ) (3.23) 
3.4 (a) Since A,, is time-independent, we have 0p Fi; = 0. Then, 
Toij = Oo Fi; + OF 50 + 0; Foi = OE; _ 0; E; =0 (3.24) 


This condition is satisfied because V x FE = —V x (V®) = 0. 
(b) With the relations vol(S® (r)) = 2n4/2r¢-1/T(¢) and E = —d®/dr, we have 
= _ _ 12 


8.5 Vf HVE FLAIV- FHL) FFOIVG) 1 tev tr) = fr) + SFr). 
3.6 By the definition, we have 


aa (3.26) 
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The function of the first integral has the order of O(t?+%). For R(z) > —N — 1, the integral on 
(0, 1] will always converge. So the right-hand side above is well defined. And also, we can obtain 
the following identity: 


T(iz+N+1) 
L(g) = — 2 
4) = FG +1).-@+N) en) 
Obviously, z = 0,—-1,—2,..., are poles for [(z). The value of residue at z = —n is 
jee Ti ae 
Res[['(z), —n] = lim (z+ n)F(z) = (3.28) 
27> —-nN NT: 
3.7 (a) The “gravitational” Bohr radius for a hydrogen atom is h?/Gm° = 2.2 x 10°? m. 
(b) Suppose kT = (8M)-1G%c*h7, then we have 
[E] = [GI Id? M— > MPT? = Met set bt erp 208-4 i 


a —1,8 3,7 1 


For M = 10° Mo, Mo = 2 x 10°° kg, the temperature is T = 6.15 x 107!4K. And for the black 
hole whose temperature is room temperature (300K), its mass will be M = 4.2 x 10?° ke. 


3.8 We use the effective potential Veg (r) = Vg(r) + J?/2mr? to discuss the planetary motion. 


2r($) Gm d 
= _ D _ 5 7 
= a be V+ gd(vol) = —42Gm = g(r) = ~7d/2-1 pd-1 —q, Val") 


41) Go (3.30) 
5-1) Gm 
= 2 
> Vt) ae ee 
From the condition 4 |Ver(r)] i = 0, we can solve ro. Then, 
d? Veg (4 —d)J? 
SEE ———————S . 1 
dr? |r=ro mr eet) 


For d = 3, it is positive, so the planetary circular orbits in the four-dimensional world are stable 
under perturbations; while for d > 4, they are not stable. 


3.9 (a) Using the result in Eq. (3.30), we can directly write down the expression: 


(3.32) 


(b) The circel can be constructed by the identification of R!: w ~ w+ 2nza, thus we have 


— GO) M 
yo) d= —_— 
1°) a, a2,0) 2» aR + (nna (3.33) 
(c) For R > a, the potential becomes 
~ GO uM dt GO M GM 
v5) 0 --f ee ere a 3.34 
a (®Y, 2,0) oo «OR? + (2rat)? 27aR i ae) 
in which we have used the relation GO) = 27aG. 
3.10 (a) Using the following identity 
= al 1 1 
———,, = - coth (=) 
2, Te aay = 2 (5) (35) 
we can find an exact closed-form expression for the potential: 
GOM R R GM R 
Pena) GE ean (ft) -—Heon(#) 
V,’ (2, y,.2, 0) TR? 9g oth (a, RA coth (5, (3.36) 
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(b) For R > a, we can expand the result above to the leading correction: 


GM1l+e* GM = 
a ae ~ ——- (1+ 26 ), (3.37) 


5 
A (a, y, z,0) = 


where A = R/a. When A = 5.3, the correction is of order 1%. 
(c) Using the following identity 


1 oa 2 Qx 
tha = —+—-——-—4+-——+::: 0< . 
cotha a 3 m tot : la] <1, (3.38) 


we can expand the gravitational potential when R < a: 


ee 2 saely as 


(5) Ee lege ees ee pees 
Vy (ty 0) R atR2 = 12a? 


Bae (3.39) 


The first term has the same form to the gravitational potential discussed in 3.9 (a) . 
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Chapter 4 


Nonrelativistic Strings 


@ Summary and Supplement 


1. Equations of motion for transverse oscillations 


en 
Ot? 0922’ °° Lo 


y(t, xz) = hy (ax — vot) + h_(x + vot) 


2. The nonrelativistic string Lagrangian 


(ae ae) = (ae) ~ 3 (ae) 


OL of ‘OP. oP* 


a, anna eee ie 
Pa at eet ae 


HM Quick Calculations 
4.1 As we vary: y(t, x) — y(t, x) + dy(t, x), the variation is 


tr a 
is=6 [a | de[510(S4) — 51 ik at [ ae| 


4.2 When we vary the motion by dy, the variation of the action is given by 


ty a 
is =f at | — 
OP O 42% OP* 
ak ar [ ae| de| = < (Psy) - DT oP w+ 2(P dy) — Da 


=) (P's) fae f (P*5y) — iM at f ae( 
0 =" ae 


4.3 With the relations P* = poy and P* = —Toy’, we can rewrite Eq. (4.5) as 

_ t 
“dt - i. ar [ ax( dx lia 

«2=0 

= vat -f af af mee 

= [ Pad ae oS 5B Ox? 


6S = ri Pry) | a0+ [ (Prov) 
-[ (10 Z4ey)| a “act (-7 To sy) 


Hi Solutions to the Problems 


4.1 For small oscillations, the horizontal force dF}, is 


ar = T+ (8) Val (SE) 1 = 


Since 0y/Ox < 1, it is much smaller than the vertical force dF. 


15 


(4.1) 


(4.2) 


: dy) 
"Ox Ox 


(4.5) 


oY by 


(4.6) 
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4.2 


4.3 


4.4 
4.5 
4.6 


CHAPTER 4. NONRELATIVISTIC STRINGS 


For the small longitudinal oscillations, the equation can be derived as 

Oz Oz 07 z Oz OFz 1 ORz 

— —-m—| = >= = 4.7 
au Ox atdx ae Ox x ( ) 


T —-T(“)= —dxr = uj— 
ae ete) Wage Hae oe ag oe 
Thus, the velocity of the waves is \/70/W0- 


(a) Suppose u = —vuot and w = u— a, then we can obtain the following: 
y(t, 0) = ha (—vot) + h_(vot) =0 > ha(u) = —h_(-u) (4.8) 
y(t,a) =hi(at+u)+h_(a-—u) =0=> hi (uta)—hi(u-—a) =0> ha (w) =he(wt 2a) (4.9) 
(b) From the initial conditions, we have 


Oy 
ylt=o = hy (x) +h_(x) =0, Pilea 


The second equation can be rewritten by the integrating in two different intevals, which gives 
different functions of h,(u). For 0 < x < a, we have 


—uoh!, (x) + uoh!_(2) (4.10) 


x 3 2 
~h4(x) + h_(2) =| £(1 = ®) dé => hy(u) = s(oa = _ = c) (4.11) 
For —a < x < 0, it becomes 
x 3 2 
—hy(x) +h_(x) = | -2(1 Fs *) dé => hy(u) = s(aa +o + c) (4.12) 


We can extand h+(u) for all u with the periodic conditions hi(u) = h4(u + 2a). 


(c) For x and vot in the domain D = {(z, vot)| 0 < «+ vot < a}, the wave function is 


Shnee os | 1)3 2 DQ i249 
in = =| 2 ae as) 
2 3a? 2a 2 3a? 2a az 3a? 
(d) From the function above, we can obtain 
Oy wipe oer 1 x 1\2 vet? 
es Se Se He) = SS — 4.14 
Ot vo(3 a? a? ) v7 C 5) a? ae) 


Obviously, at t = 0 the midpoint « = a/2 has the largest velocity. It is easy to concluce that the 
velocity of the midpoint reaches zero at to = a/2vo and y(to, a/2) = a/12. 


(a) The variation 6S of the action under a variation dq of the coordinate can be derived as 


is =6 f art(a(e),a(ost) = [ ae(Toa + 204) 
= fault oq a 5 (Feu) - (SE) (4.15) 


“fa - 22 


Then, 6S = 0 gives the famous Euler-Lagrange equation 


aL dab 
oe ai og 0 (4.16) 
(b) The derivation is similar to that in part (a): 
aL 
55 = 5 [ d?x£(6(2),9,0(0)) = f a?x aei* aa Fa 0) 
= fee [F804 (aS 588) - (55 5a) **| aro) 


OL OL 
dx — On ——— }6 
=| log 0d 5a) ° 
Then we can obtain the Euler-Lagrange equation for the dynamical field ¢() 


OL 9, OF 


ap “50,6 7° (4.18) 


Chapter 5 


The Relativistic Point Particle 


@ Summary and Supplement 


1. Action for a relativistic point particle 


v? me? OL mv 
beanies, Pea, gee 5.1 
ce J/1-v?/c? Pav VJ1—v?/c? a 
dxt dx’ 
lt = a2. sa. Bt A canes 
ge=azi(r), S= me | ds mc a a a (5.2) 
2. Equations of motion 
dp at 
dx") = d(dx" ee — = : 
b(dx") (da"), ap 0, ds? 0 (5.3) 
5= =me ds + 2 f A, (2) deel (5.4) 
P CUP 
HM Quick Calculations 
5.1 Since x; and wy are fixed under the variation, we have 
ee 
OSny = 0 gm dt= | mv-vopdt =m: | dx = 0 (5.5) 
5.2 For any arbitrary parameter 7’(rT), we have 
dp, — dp, dr’ dpy 
dr dr’ dr Or? dr’ =e (5.6) 
@ Solutions to the Problems 
5.1 For the new parameter 7 = f(s), we have 
deat d (dx df deat ¢df\2 dx" d?f d?f 
— = —(—— = — —_ — — b . 
ds? al dr a dr? (F dr ds? 0 ds? a ane 0) 


where a and b are constants independent of s. 


5.2 If we reexpress the integrand ds using the parameterized world-line, i.e. 
| dat dx’ 
ds = i ae ar ae dt (5.8) 


2x = dx (<)’ da* d?r Bes, da! da’ d?a* 1dax* d ( dat’ ~) =0 (5.9) 
ds? — dr? \ds dr ds? nee dr dr dr? 2 dr dr Hue dr dr/ : 


then we can obtain the following 


5.3 
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18 CHAPTER 5. THE RELATIVISTIC POINT PARTICLE 
5.4 (a) Using the relations A,, = (—®, A) and dr" /dt = (c,v), we can rewrite the action S' as 
= es q = Me 8 qd 
S= zim dt + q(-Ge+ Av) dt > L= 5mv —qi+-A-v (5.10) 
c c 
(b) By the definition, it is easy to get 
L 
p=5-=mvt7A-v (5.11) 
(c) The Hamiltonian for the charged particle is given by 


2 2 1 2 
H =p-v-L=m?+4Av—(7 -qo+4 A. v) mes = =—(p-+4) +q® (5.12) 
Cc 2 2m Cc 


2 


5.5 The variation of the action for a charged point particle can be derived as 


- fT arsae es df" ar[54,o a +A 1»9( \) 


--[" dr bc! Pu te off a drt 50" Sr + 2 (4,8!) — 2 sn 


- Ox’ d 
pdPyu Pe yee OA, pda OA" dA” 
--[" dr 5x a dr (4 5a” — a — da" ) (5.13) 
re wn ae OA, _ OAM\ da”. 
--[" ine c if" ar( Ox Ox¥ )F dt =i 


= i q dx” 
-[" dr(- 2 + 4 Fy ) 6x 


Then, 6S = 0 gives the equation of motion: 


dpy — q dx” 
dr ohHe dr Onn 


5.6 
5.7 


Chapter 6 


Relativistic Strings 


@ Summary and Supplement 


1. Area functional for spatial surfaces 


2 
am f aac) (ser ger) Ce aez) ~ (Ger be 


__ Oe Ox 2 _ go. dtides 2 1 ge2 heron 
5 = Fp ge = oydtide, A= f delat yg, 9 =det(gu) 
2. The Nambu-Goto action 
Ox —) OX\2/0X\? 
on [ araoy|( Ga al -(=) te 
Ti pe 1 ; : 
s=-2/ ar doy/ (X - X')2 — (X)2(X")2 
0 


OX,OX, «To _ 
Yas = uv Do deo Ee’ s=-7 f ardoy= ; 7 = det (yas) 


3. Equation of motion, boundary conditions, and D-branes 


L(X", XH) = _ (X - X')2 — (X)2(X")2 


aL Ty (X- XX), — (X'PX, 


Papa te 
ONE 8 CK XN? — (KP? 
po = OL _ To (KX) Ku = (XP, 
Lu OXY 3 . 
(rE =k 7 e')? 
eta sweet OP yo Obs 
Equation for relativistic string: + =0 
OT Oo 


Ox" 

Dirichlet boundary condition: (7,0%) =0, uw #0, 0, =O0or oy 
le 

Free endpoint condition: Pi(7,0«) =0, o =0 oro 


4. Action in terms of transverse velocity 


OX" ey. OX" Ox 


u = — —_ 
x (s o) (ct, X(t,o)), Or OL felon ( > Ao? 
Ox OX OX\OX 2 (OX OX OX? 
"oe (ar a8) 3 = (Se) aC. a) 


2 2 
s=— [af do (1-4, b= f dsyi- 
Cc 
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(6.1) 


(6.2) 


(6.3) 


(6.4) 


(6.5) 


(6.6) 


(6.7) 


(6.8) 


(6.9) 


(6.10) 


(6.11) 


(6.12) 


(6.13) 


(6.14) 
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5. Motion of open string endpoints 


ee (Ce 
ee ee 
put = —7(1- 5) costae (6.17) 


HM Quick Calculations 


6.1 Using the chain rule of derivatives, we can obtain 


7 Ox\ /0E!\2; 0a Oxy (0E2\2 / Ox 2 / OE! AE2\2 
A= f astae ait as) (aet) (Ger gee) (Gea) - Grae) Gerae) ae 
— [ aa, |( OF . 9%) (9% , OF) _ (08 | er? 
-/ sous (Fr aE) (5 xB) (sR a) 
6.2 Using the chain rule, we can prove that 
- aio ak Oe 08 - 86 4 
Mij Mix = agi OFF BER On, = MijMjr = DEI Ee ~ DEF = 6". (6.19) 


6.3 For a point on the world-sheet where all tangent vectors are spcelike with the exception of one 


that is null, we have 
OX OX 


Or da 
When A = —1, the tangent vector v = 0. 


v*(A) = (A+ 1) as (6.20) 


6.4 With the relations X - X’ = IPs (X)? = X#X,,, and (X’)? = X"X7, it is easy to verify 
Eq. (6.7) and Eq. (6.8). 


@ Solutions to the Problems 
6.1 Since the oscillations are small, we have 
ds” = dX -dX = (dz, dy) - (dx, dy) = dx” + dy - dy ~ dx? (6.21) 
Then the following approximation holds: 


a aX AX\A dx O dx O 
ee Be) be = (Ge ae) ~ GE 


Furthermore, the action reduces to be 


s~—m f af acyi- (4) ~—m fa f afi - (24) (6.23) 


Up to an additive constant —aTo(ts—t;), it is just the action for a nonrelativistic string performing 
small transverse oscillations, since fig = To/c?. 


) -(1,0)(1, 0) = (0. <u) (6.22) 


VL = 


6.2 We start our derivation with the Nambu-Goto action and work in the static gauge: 
Sx -2 f° ar [ do,/0— (Ye) 
= 14 [a [ao 
= nh, ar [ daxy/1 +( ey (6.24) 
=e - dt [ «| 
= —aTo(ts — ti) op * an 5 (SU) 


6.3 
6.4 


6.5 


6.6 


6.7 
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In this problem, we are discussiong the time evolution of a closed circular string. It is clear to 
us that R(t) = vi, so we have 


L= -h fas 1 — R2(t)/c? = —2nR(t)To\/1 — R2(t)/c? (6.25) 


Then, we can obtain the Hamilonian 


sol IrToRR 2R In R(t)Ti 
w= ROE 1 = PEER (28) ont — je = RO (6.26) 


: 2 : 
OR %/1—R2/2s © 1 — R2(t)/e2 
Acording to the energy onservation law, H = 0. It gives 
d R(t ‘ ve t 
2) =0> R(t) — R()R(t) = 2 > R(t) = Roos (S), (6.27) 


a A Ray /e2 


which has already satisfied the intial conditions: R(0) = R and R(0) = 0. 
By the definition, it is easy to obtain 


Tele? — (.X)"] 


popee — {[c? — (0.X)"](0.X)? — (0.X -AX)?} =0> v=|X]=c (6.28) 


c? — v2 
From Eq. (6.14), we know that 
uv ds 
=_7 cea eas 6.29 
c? do ee) 
Then, the canonical momentum density and the Hamiltonian density are given by 
OL 1 vr \~3 1 Ov? yds TT v? \—3 ds 
igh aaa i ee, ea 
a) O(O,X ) "9 C COAX)ida @ C? de eat) 


The total Hamiltonian can be written as 


H= facn=2 | as( —* = Ho f as( =) (6.32) 


where jio is the rest mass of a string rasing solely from the tension. 


(a) The conditions satisfied by PJ, P2, and P? at the endpoint are stated as follows: 
fa) o 
PS(t0)=0, PP0)=0, (4,0) =0 (6.33) 
(on 


(b) If the string ends on a D0-brane, then the o = 0 endpoint is fixed in the spacetime. Therefore, 
all boundary conditions are automatially satisfied. 


(c) For a string ending on a D1-brane, we have 
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CHAPTER 6. RELATIVISTIC STRINGS 


Chapter 7 


String Parameterization and 


Classical Motion 


@ Summary and Supplement 


1. Choosing a o parameterization 


OX OX _ Ox 
do Ot Ot OE 
ds \ 2 
yl Ban» 230 2 2 _ (as 
X-X'=0, X?=-402, xX (=) 
To v2 \-3 ds OX" v2 \ 3 OX" 
TH Thy ek paces on — _J,(y— Lt 
2 ( =) do Ot’ y o( a) Os 
=( To *) =, pe Tods 
Ot J1—v? /c2 do aan a J1—vi /c? 
To 1 Ov, O 


oe ea Gey eee Tog = Ti 1 
eC flv /e at as ° ce Os /’ oe Cc 


2. Wave equation and constraints 


d. E 
do’ = —__, o€[0,o1], n== 
J1—vi/e To 
W. fe OX 10°X 
e on: —> - ==> = 
ave equation: => — ap 
ee wile OX OX 
Parameterization condition: —— -—— = 
Ot Oa 
P terizati diti ese 5 (SX) 1 
arameterization condition: { — =(—] = 
Oo c2\ Ot 
x xX 
Free boundary condition: ox a es =0 
Oo o=0 Oo o=01 
Ty OX" Ox 
Tip op =F. 
R ce Ot’ id "0a 
3. General motion of an open string 
1 
X(t,o) = 5 LF (ct +0) + F(ct—o)|, 7 € [0,01] 
dF(u) |? 20 
| a z = land F(u+ 201) = F(u) + — 0 
t t 
F(u)= 7 (cos, sin), X(t,o) = = cos (cos, sin 
T O1 O71 Tv O1 O71 O71 
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) 


(7.10) 


(7.11) 


(7.12) 


(7.13) 


(7.14) 
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HM Quick Calculations 


7.1 With the periodic conditon of F'(u), it is easy to show that 


X(t = to + 202/c,0) = =| F (cto + 201 + 0) + F(cto + 201 — 0)] 


Nl Re wele 


[F (cto + 0) + F(cto — o)] + —vo 


(7.15) 


Therefore, vo is the average velocity of any point o on the string calculated over any time interval 


of duration 20;/c. 
Hi Solutions to the Problems 


7.1 (d) The length @ of an open string parameterized with engery is given by 


2 1 2 
ds=4/ -Saose=/ \/1- bdo 
Cc 0 Cc 


7.2 (a) For the rotating string, we have v, = ws = 2cs/¢. Then, the following holds 
Ge. ie. 2 
ds flv] 1 — 4s? /¢? 


It has singularities at the endpoints s = +¢/2. And the total energy is given by 


e/2 
g= | dsé(s)= | ds =) __ = Fo 


—£/2 \/1 — 482/02 


(b) The average energy density is tT /2, so we have 


E(s) = 


T 24 
Ph _ yy nn VE 
1—4s2/f2 2 an 
(c) The energy carried by the string on the interval [—s, s] is given by 
. Ti 2 
B= dg ———"____. = lTo arcsin = 
-s WVWl—422/@ £ 


7.3 (a) The general solution for X(t, co) in terms of a vector function F'(u) is given by 


X (t,o) = =[F(ct +0) + F(ct — 0) 


Nle 


The following parameterization conditions are required 


OX _10X\2_ dF(u) |2 
(Steer) =2|a| 
OX = Pres Wife. _ _ 
Gy (00) = glBO) + F'( 0) = = aa 


(b) We should impose this condition: X(t,¢ +01) = X(t,a), ie. 


dF(—-u) dF (u) 


=> F(u) = F(-u) 


F(ct+o0+01)+ F(ct-—o0-—01) = F(ct+o)+ F(ct—o) 
=> F(o+o01)+ F(-o - 01) = F(c) + F(-o) 
=> F(o+0) =F(o) 


(c) tp = o1/c, X(tp,c) = X (0,0). 


(7.16) 


(7.17) 


(7.18) 


(7.19) 


(7.20) 


(7.21) 


(7.22) 


(7.23) 


(7.24) 


7.4 (a) Using the boundary condition at o = 01, we find 
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X(t,o;) =a,+ 5 [F(et + 01) — F(ct — 01)| = @2 > F(u+ 201) — F(u) = 2(@2 — 1) (7.25) 


(b) From the parameterization conditions, we can obtain 


OX  10X\? dF(u) |? 
—+-=-) =15| ie 
( Oo c Ot ) me du 
(c) According to the information above, we have 
Ox 


ae — (t,0) = F’ (ct) = (sin y coswt, sin y sinwt, cosy) 
=> F'(u)= (sin ycos “ sinysin = cos) 
Cc Cc 
Cu: . UW Ci Uw 
=> F(u) = (<sinysin,-< sinycos , ucosy) 
w c? ow c 


(d) Using the result in part (a), it is easy to obtain 


Cc, (utoijw . ow ¢ (u+toiw . ow 
2(<sinycos “= 7 sin —, —siny sin ————— sin —, 0) cos) 
Ww c cow c c 
CT Lo 
= 2(a% — 2) = 2(0,0, Lop) > w = — 1 = 


1 
O1 cos 


(e) Now, we can directly write down the wave function for this relativistic jumping rope: 


O11. Tet |. TO O1 , , wet , To 
X (t,o) = ( — siny cos — sin —, — sin y sin — sin —,acosy 
T O1 Oo. 7 O1 O71 


(f) First, we calculate the value of v7: 


: ._ mc. To, met . oO 2 2.9. .9(10 
v, =| — csinysin — sin —, csin y cos — sin —,0) > v{, = Cc’ sin* ysin 
or a 


1 1 O1 O1 
Then, the energy distributed in the string is given by 


a1 


e(2)=1(1- 4) * 


7.5 (a) This ansatz is consistent with the constraints on F'(u). 
(b) It is easy to see that X'(t,0) = $[F’(ct +0) + F’(ct — o)], so we have 


dy TO 
y / j —S 
X'(0,0) = F"(c) Io 7 Sit (7 cos = ) 


(c) X’(t,0) = F'(ct). 


(d) We will find an integral relation between a, 0; and 4: 


F(u+ 2c) — F(u) = Ge cos 7 cos = dx a sin 7 cos = dx) 


= Cie cos 7 cos ~ dx ee sin E cos =| du) 
0 


= c= cos [7 cos | dx ,0) >a= ie cos (vos =) dx 
0 0 


Assume that ¥ is small, then the following approxiamtion holds: 


TT 


we can obtain 


O1 Tv 
a= | cos (7 cos =) dx = a cos(y cos 8) d@ => bare Jo(7) 
0 O1 Tv 0 OL 


[<) fae 


—i = 
7H [1 — sin? y sin? (=) 7 [1 — sin? y sin? (=)| 
O71 Lo 


(7.26) 


(7.27) 


(7.28) 


(7.29) 


(7.30) 


(7.31) 


(7.32) 


(7.33) 


(7.34) 


(7.35) 


(7.36) 
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7.6 (a) We only need to examine the components. 


1 m(ct +a) m(ct — a) 
5{ cos [7 cos — + cos [7 cos of \ 
2 O1 O1 
t t — t t — 
=cos 1 cos TRA), 6 ee ease cos 2[ cos TAG) «INS 2) (7.37) 
2 O1 O1 2 O1 O71 
tet TO . Wet , To 
= cos (7 cos —— cos **) cos (7 sin — sin **) 
O71 O1 O71 O71 
is an m(ct +a) : m(ct — a) 
5{ sin I cos — + sin E cos —— } 
2 O1 O1 
t t — t t — 
=sin 1 [cos TAO) | cos 1 cos MGT): me 8) (7.38) 
2 O1 O71 2 O71 O71 
. Tet TO . wet , To 
=sin (7 cos —— cos *) cos (7 sin — sin **) 
O1 O71 O71 O71 
When ct = 01/2, the second component is zero. That is to say, the string is horizontal. 
(b) It is easy to see that X/c = 3(F'(ct +0) — F'(ct — o)]. Then we have 
= me +0) Maw oy 
— 4 cos | y cos —————| — cos |-y cos ————— 
2 O71 O1 
t t — t t — 
=~ sin [cos TES) ip es mao) sin 2 [cos Mt) 4th =e) (7.39) 
2 o 2 O71 O1 
‘i tect To\ , . Wet , To 
=-—sin (1 cos —— cos =) sin (7 sin — sin =) 
OL OL O1 O1 
=f . =| : a 
=4 sin | y cos ————— | — sin | y cos ————— 
2 O1 O1 
t t — t t — 
=cos 2 cos BEE) Sia nto) sin 2 cos act+o) i, Meo) (7.40) 
2 O1 O1 2 O1 
Tet TO\ . _ we. To 
= cos (7 cos —— cos a") sin (7 sin — sin <*) 
O1 O1 O71 O71 
Therefore, the instantaneous transverse velocity satisfies 
10x t 
-= = |sin (ysin = sin | (7.41) 
c Ot O1 O1 


For y = 7/2, the string midpoint o = o,/2 reaches the speed of lignt when ct = 01/2, meaning 
that the string is horizontal. 


(c) For y = V2m/2 and ct = 01/4, we have 


' am 1 . to O1 
sin ( —— = sin — ])}=1>o0=— 7.42 
(az | 2 ( ) 
For ct = 01/3, we have 
3 
sin ee sin 7) | = 15 0 =0.1740; or 0.8260, (7.43) 
V2 2 O71 


Chapter 8 


World-sheet Currents 


@ Summary and Supplement 


1. Conserved currents on the world-sheet 


r= [ eeas!£(GX", 4X"), (2.2") _ (7, a) (8.1) 
be «1 SOE ihe BEE: SO, ot oe 
jn = DOaX#)’ Gurdp) = (oe aa) = (PiisPn) (8.2) 
fe a dp er o 
pur) = | Pi, do, ae =0; pe= [ (Pido—Pidr) (8.3) 


2. Lorentz symmetry and associated currents 


X# X#46X", 6X" =e”X,, fl” =e" (8.4) 
M&, = XP — XyPs, OM + seria (8.5) 
OT Oo 
Mw = / (Mi, do—-M%,dr), My =—Mup (8.6) 
7 
3. The slope parameter a’ 
E? : 1 


J 12 
—=aE J = — = ——_——— 8.7 
h mre QTc’ 2rTohe ex) 


HM Quick Calculations 


8.1 We will use the divergence theorem to prove the result. 


dQ: _ f aetae?.. gee OR. its cgee (Ole a OK OjP) _ “dA = 
= = fas dé? ---dé ses = — fa dé? ---dé (Gort Gart-+ Ge) =— ff a-da=o 


8.2 For the fixed 2-by-2 matrix A® that satisfies A?v,v, = 0, we have 


Atoyvy + Alu v9 + Att yuy + Ar U9V0 =0 Al= 0, Av= ee Av= 0 (8.8) 


8.3 For a 4-by-4 matrix e/” that satisfies «“”v,v, = 0, the conclusion is the same: e«“” must be 
antisymmetric. 


8.4 €yy = NaN per? = —Nuon pe = —Napnever™ = Epp: 


8.5 For the boost with very small 6, we have 
p°—g®= (y¥—1)2° — 78a! ~ —fr, > 1 = -—8 (8.9) 


x g =— 76x? + (y-1)2' ~ Bay > f° = B (8.10) 


And all other values are zero. 
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8.5 J=Iw, E=4lw? > J~ VE. 


8.6 [a’] = [E]-2, [A] = (EIT, [ce] = LT-! = [,] = L. 


Hi Solutions to the Problems 


8.1 (a) The variation can be written as dq(t) = en x q, where € is an infinitesimal constant and n is 
the rotation axis. Then we have 


d=qtenxqs(’?=F4+e(nxq’rg (8.11) 
The Lagrangian only depends on q?, therefore L is invariant. 


(b) The conserved charge associated with this symmetry transformation is given by 


Q= oe = ig p:(nxq)=n-(qxp)=n-J, (8.12) 


where J is the vector angular momentum. 


8.2 (a) The variation of coordinates and the conserved charges are given by 
i i i OL . 4 
6g (t) =e(A(q();t), €Qi= 5qeo! (8.13) 
Considering the Euler-Lagrange equations, we can obtain 


MQ: GPOLS.,., OE a dL, OLd 
“at = alan) aq@ rr ae qa! + Baga dt 


(6q) =0 (8.14) 


(b) For a world with no spatial dimentions, a = 0. And the corresponding equations become 


Oa: da. on 
ade bo ’ a? =. 0, Q: = Chi (8.15) 


i.0 _ 
eh = 


8.3 
8.4 (a) To = 8.5 x 10'*GeV- m7}, £, = 1.92 x 1074cm 
(b) a! = 2.58 x 10-83 GeV~?, To = 3 x 1047 GeV - m7! 


8.5 For the relativistic jumping rope, we have 


t t 
X(t,0) = (= sin ycos = sin =, 7) sin-ysin — sin, cos) (8.16) 
T O71 1. 7 O1 O1 
ToOX To t t 
—— = sin ysin 2 (— sin —, cos —— ,0) (8.17) 
eC at C¢ O1 O1 O1 


Then, the z-component of angular momentum is given by 


O1 T O1 T 2 
Je=My = | (X1P2 — X2P7) do = A sin? y | sin? do = 27 sin? y (8.18) 
0 TC 0 oO TC 


Since 0, = E/To, we have found 
: 2 J 2.) \f pre 
. z . ai 
= ome sin’ y > — = (sin’ y)a’E (8.19) 


8.6 With the Euler-Lagrange equation, we can show that 


dQ d/OL ae d oA _ OL OL .. = 
For the transformation q(t) > q(t) + eq(t), we have 
OL OL OL OL d OL, OL. 
abe ries Og eo 0 |Z amet Og =< “at ery = aq! Sz) 
Q= Thy — = EG-cA> Q=0 (8.22) 


Og 


8.7 The proof is very similar to that in Eq. (8.20): 


25% Of 08 : OL 5g", OAS 
« Og es AG, Omak + 5,04) ace © ee 
aL 
"+ a5 aH (Ond") — SL = 0 
For the transformation $7(€°) + $2(€°) + 8 dg¢%, we have 
,, o iy plo Of P 
- = apie + a0,g8° oe?) = ex Ga. z) Be" + 50, ae nee 
a7 a 
a ad a A@ 
= Osa aa Frond") > MB = 3a, wpe mi 
Me 4 OL a fa a + a a 
5g = 5p? — PAG =e “(— pa ooe — 6g£) > jg = 3a, sar te0 — OBL 


It is easy to see that j§ =H, i.e. the Hamiltonian density. 
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(8.23) 


(8.24) 


(8.25) 


30 


CHAPTER 8. WORLD-SHEET CURRENTS 


Chapter 9 


Light-cone Relativistic Strings 


@ Summary and Supplement 


1. The o parameterization 
X (7,0) =cr, npX"(7,0) =A 


h=c=1, L=T,M=L"", 02=Va 


open strings: (n-p)o = rf dan-P'(7,¢), n-X(t,0) = 2a'(n- p)r 
0 


closed strings: (n+ p)o = an f dan-P'(17,6), n-X(t,0) =a'(n- p)t 
0 


2. Constraints and wave equations 


X-X'=0, X?4+X?=0, (X+X'/=0 


1 . 1 


pow ——__Xw XH _ xe _ 9) 


27a! 
3. Wave equation and mode expansions 


lo ) 
SiG o)= fot firt+>_ (As cosnt + BY sinnr) cosna 


n=1 


vy 4 Moa a . 7 pe (INT bint Bh a 
A’ cosnt + BY sinnt = —iv/2a’/n (abt e'™™ —ahe 7), fi! = 2a'p 


co 
_ int, COS NG 
X" (7,0) = xh + 2a'p't — iv 2a! ) (ab e'™™ — ahe "7 ) ——_— 
Jn 
n=1 
a= V20 5, OF Sabi, Gh Saran el 


1 
X* (7,0) = 2h + V20/abT + iv 2a! y -—abe'"T cosna 
n 
n#0 


XY4 XU = v2a'S° abe terse) 


neZ 


4. Light-cone solution of equations of motion 


1 1 
= se 9~---, 
ve (z V2 


0), n-X=X*, n-p=p* 


9 oO 
X*(1,0) =Ba'ptr, pta= > | dept (1,0), B=2,1 
0 


MO SKA a XO), XOX Spa pp) tO ey 
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(9.6) 


(9.7) 


(9.8) 


(9.9) 


(9.10) 


(9.11) 


(9.12) 


(9.13) 


(9.14) 


(9.15) 


(9.16) 
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= 0, a ew = 0, We 1 2acic66 (9.17) 

2a/az = ou =5 doo a 27 = 1g (9.18) 
pEeZ 

X7~+X =e = bie a ees a (X7+x7'P (9.19) 

M2 — opt p- —p'p! = 7M se al (9.20) 


HM Quick Calculations 


9.1 ¢=fe/l=2% 10° «10 =2 x 10 eV = 20'Tev. 


9.2 Since t't,, <0, then we can prove the vector v" is timelike: 


tx! ie aed 
vo, = (tH - = a kh) (ty oe 4 x)) =v, GAY Y <0 (9.21) 


9.3 It is obvious that X"(7, 0) is real. 


9.4 Using the relation V2a/a9 = L+/pt, we can rewrite the expression as 


X~ (7,0) =25 + V2a’ag 7 +iV 2a a! San, e "7 cosna 
a 
=% +> Slir+— = —Lie*”* cosno 
pt aad 


(9.22) 


9.5 When all a/, vanish, we have Ld = 0 for n > 1. Therefore, X~(7,0) = 29 + V2a/a9 T 


Hi Solutions to the Problems 


9.1 


9.2 


(a) (ny + b,)(n" + b*) = b,,.b" > 0. Therefore, b” is spacelike of null. 


(b) If b” is null, we have b,,(n“—Ab") = 0 and An,,)(n“— Ab") = 0. Then (b,,—An,)(n"— Ab") = 0. 
Therefore, b“ = An". 


(c) The set of vectors b” that satisfies n,,b” = 0 is a hyperplane orthogonal to the vector n”. 
Therefore, it is a space of dimension (D,). And the subset of null vectors forms a subspace of 
dimension one. 


(d) For D=2 and n- X = X*, we can obtain 


y= (= =): nh = (- = =) (9.23) 


(a) Using Eq. (9.16), we can find 
ax-= mae 8,X- = eae (9.24) 
From the consistency condtion 0,0;X~ = 0,;0,X~, it is easy to prove that 
Os |(0-%7)* + (0,X7)"| = 20,|(0,X*)(0,X7)| > 02X* = 62 X7 (9.25) 
(b) If the transverse coordinates X/ satisfy the wave function, then it follows 
a2X- —a2X~- = (Ba'p*)—'(a2.X')(a2X! — 62X!)=0 (9.26) 


(c) The coordinates satisfying Neumann boundary conditions means that 0,X/ =0 at o = 0,7, 
while satisfing Dirichlet boundary conditions indicates that 0,X/ = 0. Since 0,.X~ is determined 
by the product of 0,X/ and 0,X7/ , it is always zero. Therefore, X~ will always satisfy Neumann 
boundary conditions. 


9.3 (a) M? = (a’)"1 OP, atat, = (a’) 1 (@? +a?) = 2a?/a’. 


b 
X@ (7,0) and X@)(r7,c) are given by 
XO (7,0) = zy” + iv2a’a(e~** — e'7) cosa = 2V2a/asinT cosa 


X®) (7,0) = 2) +iv2a'ia(e~” + e'7) cosa = —2V2a/acosT cosa 


(b= Lig?) a?) + aa] =o7, be =0 G4 0)OX (7,0) = 0° r/p*. 


(d) r = wt = at/l. The value of pt can be determined by the following 


a2 


V2pt 


a 


V 2a! 


X'(7,0) = (X*+ — X-) = (V2pta! - yop 


1 
V2 
9.4 (a) 

X?*(7,0) = 22 + iv 2a/a(e~* — e'7) cosa = 2V 2a0/asinT cosa 
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) The length of the string is given by | = 27Ma’ = 27avV2a’. And the explicit functions of 


(9.27) 


(9.28) 


(9.29) 


(9.30) 
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Chapter 10 


Light-cone Fields and Particles 


@ Summary and Supplement 


1. Classical scalar fields 


s= f aPx(- 50t¥9.00,6- 5mi6), (8 m2) =0 (10.1) 
b(t, x) = ae~*Fottipe 4 gteiEpt-ipe BE y/p2 + m2 (10.2) 
CEB ods. 2 2 
(a) = | Gat e?*4(0), (B* —m*)6(0) = 0 (10.3) 
ap = (x,2°,...,22), (- ee + ey = m?) 6(a*, a”, ar) =0 (10.4) 
pr = (0 PsP"); = z aa (o's! + m?)| d(x*,p*,pr) =0 (10.5) 
et= eg Ee - sale’! + m®)| o(T,p', pr) =0 (10.6) 
[apa] =1, [opal] =1, [a(t),at(®)] = [al (t), a(@)] = 2B, (10.7) 
H=E, (ahap + gay, P= p(abap — Ohad) (10.8) 
2. Maxwell fields 

aA" — 0"(8-A)=0, p? A“ — p#(p- A) =0 (10.9) 
A" (p) + A"(p) + ip*e(p), A*(p) =0 (10.10) 
p-A=0, ptA-=p'A!, p*A'=0 (10.11) 

3. Gravitational fields 
phe” — pa(puhr® + pv hh + pip’ h =0 (10.12) 
OhY” (p) = ip"e” (p) + ip’e*(p), dh = 2ip-e (10.13) 
Att+=pht-=pAtt=0, h=0, bh? =0, ph’ =0 (10.14) 
pthi- =pyhl!, pth =prh!, ph? =0 (10.15) 


HM Quick Calculations 
10.1 By the definition, we have 


1 1 1 1 1 1 
H = ld — £ = IP - [se — 5(V9)? - smo = 51? +5(V9)?+5m7¢? (10.16) 


10.2 With the mass-shell condition, we have 


1 
ptm =-22ptp +p'p' +m =0Sp == ~(p'p' +m’) (10.17) 
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10.3 Oodp and V¢p are given by 


1 : : } : : 
dob = Tie [a(t)e'?® + a*(t)e?*], Vby = TE [a(t)e'®® —a*(t)e"*]p (10.18) 


Using the quantization condition, we can integrate the action as 


i= 7 dt fee dt sre a(t)a*(t) — Ee oe" = Ete m| 
= [a fesse | _a(t)a*(t) — 5 Bya(t)a" () (10.19) 
= false acerty 2 va(t)a"(t) 


10.4 With the quantization condition, it is easy to obtain 


ae / ate Eine (o + Ee oe" + Ee (Ome 


1 1 (10.20) 
= — a(t)a*(t ~E,a(t t 
SErildA (0) + 5Epalto"(e 
10.5 Using the relations [a(t), at (t)] = [a'(t), a(t)] = 2iB,, we can easily check that 
1 : : 1 ; 
[go(t), po(t)] = ~ TE, |) —al(t), a(t) —al()] = ~ ZB, — (—2iE, — 2iEy) =i (10.21) 
‘ ; 1 ; 
(0(0) Pol] = Ge [alt) + al (1). 4(0) — at(0] = Gre Hy — 2B) = 0 (10.22) 
10.6 Using the facts [ap,a}] = 6p,. and [at,a},] = 0, we can obtain 
Pala! p2 sat |) =e al, dn + dp,,n)ah,, cel Q) 
= = Shah (al,ax + Spo,k)--- ap, [2) + prap, af, ---af, |Q) (10.23) 
_ = Yo polo An. ** ay, |) 
ra k 
Similarly, we can prove that Hal af, ---al |Q) = >0)_y Enal ah, ---al, |). 
10.7 We only need to prove that Naf al, ---al |Q) = nal al, ---al |Q). 
Mi Solutions to the Problems 
10.1 Using the results in Eq. (10.18) and the quantizition condition 
Li La 
| dx’ -- f dx? exp(+2ip- x) =0, (10.24) 
0 0 
we can evaluate the an and obtain 
a d e! “2 tok —ip-x ip-x * —ip-'x 
= “WE Pf atzfal P? + a*(the P| [a(t)e’P® — a* (te? *| 
d er 
WE Pf atelar — a(t)a* (t)] (10.25) 
= Pi — aa*) 
Then, with the exoression of a(t), it is easy to get 
ip . Hod. —1 —1 * a 
P= ~ 3p, e) [(aze’r” Bet _@ ne | (ape Bpt a* ye Bi 
— (= ayetBrt + at ,e'Brt) (aXe!Eot + g_pe-tErt)| (10.26) 


= = p(a, Ap — a * pp) 
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10.2 (a) Using the quantizition condition, we can prove that 
= fae! fee? = 7 fe Seo = fp) (10.27) 
Plug this back into the Fourier series, we can obtain a representation for the delta function: 
je fla 64 (a — a’) 7 | ese f(x! )e'P @-#) = §4(g — 2!) = 7 eae (1998) 
(b) For the complete scale field expansion, we have 
II(t, x) = Ood(t, x) > / Ep( (at t tEpt—ip ae _ dye Petre sy (10.29) 


Then, it is very easy to show that 
[o(t, x), w(t, x’)] = id" (a — a’) (10.30) 


10.3 (a) For the Lorentz covariant equation A“ = B“, ~ =0,1,...,d, we have 


At= sata" + A‘) = J5(B" +B’) = Bt (10.31) 
Bs ta —Al)= 7 (B° — B')=B™ (10.32) 
V2 v2 
It is obvious that A’ = B! for I = 2,...,d. 
(b) By the definition, we can obtain 
1 1 1 
Be SAP Be wi + ae +B") = sue + R% +R +R") (10.33) 
1 1 1 
Rt- =A+B- = wae + A) ae B= B= ane R” + R' — R14) (10.34) 
1 1 1 
—+ =A Bt = Ria Magee +B y= 5 (Re +R — RM R") (10.35) 
1 1 1 
-=A-B- = cae. a A — B')= 5c R? — R'° + RI) (10.36) 


Then, it is easy to see that an equaltiy R“” = S'” between Lorentz tensors implies the equality 
of the light-cone components. 


(c) For the Minkowski metric 7 = diag(—1,1,1,1), the relations above become 


ft Sh SOr ap Sy SS) (10.37) 
(d) For the antisymmetric electromagnetic field strength 


G.> 2. 8, 
SEs: Os By. SB, 


py __ 
Fey = 2B SG BL (10.38) 
-E, By, -B, 0 
we can calculate the light-cone components 

Pr ae ay ME ees See (10.39) 
HO? Js +B), Ft ay: — By) (10.40) 

v2 v2 : 

1 1 

F-? = —(E,-—B,), F-3=—(E,+B 10.41 
Ja! y ) hea y) (10.41) 
pee = Pet = 0, FF = By, Fe = —B; (10.42) 


38 


10.4 


10.5 


10.6 


10.7 


CHAPTER 10. LIGHT-CONE FIELDS AND PARTICLES 


For the uniform constant electric field FE = Ege,, we can choose 
AY = (—Eox, Fox, 0,0), (10.43) 
which automatically satisfies the condition At = 0. Then, we have 


A= = — A!) =—V2Epx = Fo(x- — at), A'=0 (10.44) 


A pure gauge of a gravitational field is defined as h#”(p) = ipe’(p) + ip”e#(p). Then, from the 
equation of the field 


(—i) (p"Da hY“ + p’ Da hh) 


PRM” = po(pthh® + phi) = hi =i 3 
Pp 


(10.45) 


we can see that: if p? 4 0, setting ¢” = pah4* and €” = ph” will just yield a pure gauge. 
(a) Using the antisymmetric property of B,,, we can obtain 
Fyvp + Avyp = On( Bip + Bov) + O( Bow + Bup) + Oo( Buy + Buy) =0 (10.46) 


Similarly, Hyp + pvp = 9, Ayvp + Kup = 0. Therefore, Hyp is totally antisymmetric. Under 
the gauge transformation 6B,, = O,é, — Ove, we have 


Sb Hyp = On(Ov€p — Opév) + Ov (Op€n — On€p) + Op(Ouev — Oven) = 0 (10.47) 


(b) It is easy to see that 


Due, — OE, = Opler + OA) — Oy (ey + OA) = Quer — Oey (10.48) 


(c) In the momentum space, ¢€’“(p) = e“ + p"X(p) will generate the same gauge transformation 
as €(p). Then, we have 


+( (°+p"\+e4+p'd) =05A= a (10.49) 


€ 


ae! 
p) = 3 
(d) 
(a) Recall that Fi, = 0, A, — 0,A,, then we have 
bL= —55(Fw FH) — m? A“ A, — bmd,,d0"e — mbd7€ — bm? (d+ A)e 
= —m?7d,,(A"e) — md,,(¢0"e) 


(10.50) 


where we have chosen b = 1. So the action will be invariant under the gauge transformation. 


(b) The field equations are given by 
OL OL 


= = 2 Qv pV 
DA, On 55, A, 0S mA" +0,F 0 (10.51) 
OL OL 5 
OS Se ~m(@-A) = 10.52 
a6 W58,6 0=> 0°¢—m(d-A)=0 (10.52) 


(c) If we set € = —¢/m, then ¢’ = 64+ 6¢ = 0. The second field equation becomes 0- A = 0. 


(d) The simplified equations in the momentum space can be written as 
(p? +m?) A” — (p- A)p” =0, p- A=0= (p? +m?) A” =0 (10.53) 


If p? 4 —m?, we can only have trivial solutions A” = 0. 


Chapter 11 


The Relativistic Quantum Point 
Particle 


@ Summary and Supplement 


1. Light-cone point particle 


Vee ao SS Ldt, L=-—mvV/-z? (11.1) 
— gt Sh 3 1 = 2 2 2 0 11 ) 
gt = —5T, eee Pe = Map, potbm = (11.2) 
ak lat Pe 2 Fi DS Px ah. P 113 
Dp ae oP +m*), a (7) =% +57, (7) = 2 + oT (11.3) 
2. Quantization of the point particle 
(eae Oe Oe) Oe oe a) (11.4) 
[2"(r),p7(r)] = in’’, [to (ry P'(7)] =in t= -i (11.5) 
1 1 
= + ee I I 2 
H(r) = sap" Cr)" (7) = syle" (Dl (1) +m] (116) 
_O + Dg ret 2 + 
ixw(7,p*, pr) = <5 (p'p' +m) o(7, pt, pr) (11.7) 
OT 2m 
|p*, pr) > Gime. |) ’ w(7,p*, pr) > o(7,p*, pr) (11.8) 
3. Light-cone Lorentz generators 
da¥(r) =e x,(r), MM = al(r)p’(r) — 2” (7)p*(r) (11.9) 
(Mev)t = M?, Mae”, Ptr) = ina” (Tr) — in’a" (rT) (11.10) 
[MeY, MP?) = int? MY? — in’? ME? + in’? MPY — in’? MPH (11.11) 
7 Wey ss = = 1 = = 
M*~ = —S(app* + pt x), M~! =a p! — 5(xop” + P29) (11.12) 
HM Quick Calculations 
11.1 For the state |W,t) =e~*”* |W), we can easily check that 
d “_ —iHt 
or |W, t) =i(-i)e |v) = H|W,t) (11.13) 
11.2 For the corresponding Heisenberg operators, we have 
[ar(t), a2(t)] = [cP ae Fe ane 1M) = ett [a1, ag}e*M* = a3(t) (11.14) 
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11.3 Since [x9 (7), p’(7)] = 0, then we can obtain 


dx, (T 1 7 
y m es Tar it (r),p'p' +m?] =0 (11.15) 


11.4 For e~ £0 and et = e! = 0, it is easy to check that 
6a~ (rT) = [iepp’(r), 2 (7)] = [ep pt (7), 27 (7)] = -ey = (11.16) 


11.5 Using the fact [zp ,1/p*] =i/pt?, we can show that 


eK 


8 =. ll ok pip! +m pm 
Es »P | = [29 Bp (PP +m?) = 5 [0 FF (pp! +m?) = ae = ee (11.17) 


11.6 According to Eq. (11.5), we have 
[Me 2° (r)] = a!(r)[p"(r),2°(r)] — 2”(r) [p*(r), 2° (r)] = ina” (r) = ina (7) (11.18) 
11.7 We observe that: the first two terms are antisymmetric for the indices yw and v, and the last two 
terms are also antisymmetric for the indices w and v. 


11.8 By the definition, we can directly prove that 


1 1 
MY" =a*p-—a2 pt = 5(2°+2")(p°—p!)— 5(a°—2')(p! +p!) = wip? — ap! = M (11.19) 


M@ Solutions to the Problems 
11.1 For the Heisenberg operator, we can prove its equation of motion 


0 — iCeittge itt = i(iHe'!*) gett 4 ie#t¢(-i He‘) = [é(t), H] (11.20) 


11.2 (a) According to the Schrédinger equation, we have 
d\W,t)  .dU(t) 
dt dt 
(b) This result has been proven in Eq. (11.20). 
(c) This result has been proven in Eq. (11.14). 


jw) = Hu(t) |v) > 22 — no) (11.21) 


a 


11.3 Using the Hamilton’s canonical equations 
dq OH dp OH 


oa een a ee 11.22 
dt Op’ dt Oq’ ( ) 
we can prove the time evolution of an operator in the classical phase space: 
A A 
OE 5 Og 8 oY ae (11.23) 
dt Ot Opdt Oqdt Ot Op0dq  Oq Op Ot 
11.4 The variation dL can be derived as follows 
OL OL d/ OL OL 
5L = dx" bi" = (=) dO, X# + 228, (\0,X") = 8, (AL 11.24 
Ban” Bae ~ ae ae Ppp OORT) Or\Xh) NN 
And the associated charge is given by 
OL 
N(T)Q = ae da* (7) — A(r)L =0 (11.25) 
11.5 (a) [MM”, p?] = [xt p’ — x’ pM, p?] = [ah pp’ — [a”, p? |p = int?” — in’? ph. 
(b) [a p’, v?p?| = [x , c?p?|p” + a! [p’, Pp] = int? ap’ — in’Patp?. Then, we have 
[Me MP?) = [xh p”, 2p?) — [ahp”, x? p*] — |x’ p*, xp] + [2’p", 2 p?| 
= (inh a? p” — in’Patp?) — (int?x?p” — in’? xh?) (11.26) 


— (in? 2? p* — inhPa”p?) + (in? x? pY — inh? x”p®) 
- int? M’? = in’? MH? ae int’? MP” _ in’? MP 


(c) In the light cone coordinates, we have nt~ = 7~*+ = —1, n/‘ =1 and the others are zero. 


Al 


11.6 (a) First, we calculate the value of [x4, p7]. 


2 I fear 2 Pay tp oe 
[z9,P] = [x0, Spt P p+m)|= rel = oF (11.27) 
Then, it is easy to obtain 
Ser: ae ay eee Le en ee ee RE 11.28 
Ma ae p — 5 (oP +p 05) =a5p — 2p + 5[t0.P | =25 Dp — Zop 2 one (11.28) 
(b) Now, we shall prove the light-cone gauge commutator 
-I ys—-J of 107 TJ I J Teme Tee WO att 
[M~, M~"] = [xop Ip! — [tor top |— [top ,%o p*| + [top , xop I+ [por PP | 
_ _ipip’ _ ixoptp™ , ixop'pe ie ee _ iwgp"p. . tp'p? 
Opt? pt pt pt pt Qpt2 
(11.29) 
where we have used the following relations: 
Rep. ge spe 11.30 
Pore aloe Woigel — jae Pi aR ON sae (11.30) 
11.7 (a) By the definition, we have 
ee eee Le peecs Ae a ee Ee 
+- + + = 
M =—5(e — 7 aT)P oP (x ORS ca 7 T—5(@ p+ pa ) (11.31) 
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Chapter 12 


Relativistic Quantum Open Strings 


@ Summary and Supplement 


1. Light-cone Hamiltonian and commutators 
(x7(0),a9,P™(0),pt),  (2"(7,¢), 29 (7), P™ (7,0), p* (7) 
[X7 (7,0), P77 (r,0)] = in'75(o — 0"), [29 (7), pt (7)] = -8 
Xt =2a'ptr, Li =2a'ptp-, H =2a'p* is do P*~ 
0 


Xr, a) X "(zr 2) 


H(r) = 1a’ ie do [P(r, o)PTl (1,0) + (Qna’y? 


2. Commutation relations for oscillators 


(X74 X")\(7,0), (X7 + X")(7,0')] = 44na!in <6(0 —o') 


[(x? + X")(7,0), (X7 zr XG.) =0, o,0’ € (0,7) 


em! (+0) e—in'(r-+0") lot, a2] = amin! <5(o — a’) 
m!,n' EZ e 


ox zal = mbmnt”, a = V2a'p' 
[x9,09] = V2alin’”, [x94] =0, n #0 
a,=anv/n, at, =arlvn, (a,)'=al, 


fat, 21] = bmn’, [alah] = [alt az] = 0 


min mon min 


[Aya 


3. Strings as harmonic oscillators 


s= fdrace ee cal CaO. Ge, Gua GA Gah) 
Ara! 0 


cos No 


Vin 


X"(r,0) = q"(r) +2Val > 7 an(r) 


co 

. nt, COS NT 

X!(r,0) = 26 + 2a'p't + iv 2a! Nie - ae 

n=1 um 
4. Transverse Virasoro operators 
1 _— 
= | | I I L sis 
20/0, = ee Le - 2 S- An—pXp» (i, _ + Eo) 


pez 
fea Bahay al sie Mpeg 
0 9 oO = —p“p 9 ea 
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(12.13) 


(12.14) 


(12.15) 


(12.16) 
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1 Co 
= 1 oe It 

2a'p =—-(Lo +a), M*= PAG + 2, nan! a) (12.17) 

1 = 1 1 
a=5(D-2)) py, 6)=I=, O-N=-Z (12.18) 

p=1 n=1 
[Et,,a!]=—nal,.,, [Li,,24] =—iv2aral, (12.19) 
Loplye L D-2, 3 
[L;,, L—,) =(m4+n)L7_, + 7) (m? — m)omn (12.20) 
[Ed X4(7,0)] = er, X! + €9,X" (12.21) 
&" (7,0) = —ie”™’ cosma, €2%,(7,0) =e” sinma (12.22) 
Xi (e+ eto +e€%,) = Xi (7,0) +¢[L4,X'(7,0)] (12.23) 
5. Lorentz generators 
1 , : 3 
MY = sof (XUX” — X”X") do (12.24) 
27a! Jo 
Vv Vv Vv KM . 1 Vv Vv 
MY = ghyh — ght — i d (at nth a8 nen) (12.25) 
1 i owl 
M~! = a9 p' — ——[2§(Lo +4) + (Lo +a)24 —(Lt,07,—a1, Ly) (12.26 
TP Aa! pt [x9 ( 0 a) ( 0 a)x| 2a’ pt d ml —n@n A_n ee) ( ) 
1 D-2\ 1/D-2 
-I yf-J) Bash fe Sd 

[Mv ,M ] = a! pt? a (O* mn ice Ot! m%m) x [m 1 a —) + — (= + a)| (12.27) 


1 
D=2, a=-1, [M~’,M~"]=0, 20’p =— (lg -1), H=Lg-1 (12.28) 
Pp 


al |pt.pr)=0, n>1, I[=2,...,25 (12.29) 
co «(25 
IA) = [Lit [pt pr) (12.30) 
n=1 I[=2 
a 1 
N+ = So naltal, M? =—(-1+N") (12.31) 
n=1 ee 
[N+, alt] = nall, [N~, ai] = —na}, (12.32) 
co «(25 
N*)A)=Ny lA), Nx =>) >onArnr (12.33) 
n=1I=2 
tachyons: Nt =0, a’M?=-—1, number of states = 1 (12.34) 
photons: N+ =1, a’M?= 0, number of states = D—2 (12.35) 


massive tensors: Nt =2, a’/M?= 1, number of states =(D—2)(D+1)/2 — (12.36) 


7. Tachyons and D-br 
@ Quick Calculations 


12.1 Since (xJ)t = af, ( 
see that (X/(r,c)) 


ane decay 


af)' = af, and the index n is summed over all integers except zero, we can 
Tox! (7,0). 
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12.2 Using the definition in Eq. (12.12), we can obtain 


1 a a : cos” 
= wiflef do oa" (7) + dal S> gh (r)di (7) we = do! ye dh (r)qi (7)n sin? no 
0 


n=1 n=1 


n=1 
(12.37) 
12.3 Using the relations in Eq. (12.9), we can see that 
1 
Tht == az _,az, #2] = lad, x2la —1v2 an Ta? oA =-iV 2a! al, 12.38 
m 9 m—p~p 0 0>“0 
pEeZ 
12.4 For p #1, ag_pap = Apa2_p, therefore we have 
1 1 
Lo = 5 S- A2—pAlp = 50101 + (aga + a_1a3 + a_2044+-:-) (12.39) 
pez 
Similarly, for p A —1, a_2_papy = Apa—2~-p, therefore we have 
1 1 
2-—-F. A_9-pnAp = ~A_-1QA_-1 a_2Ag A301 a—4QA2 fae 2 
L 5 >. po = 5 +i + i ore (12.40) 
pez 
12.5 For the oscillators including Lorentz indices, we can verify that 
Te ee a ee eo ee ee Jot fF j7 
qioim, 21024] = 5 (ilar. jot, + at, [a;,a_,]a7) 
2 (12.41) 
= Rqalad, +a! af) = 2 =? + af sal 


12.6 It is easy to check the expressions. Note that the numbers n, m —n, p and m — p that appear 
on the oscillator are all positive. 


12.7 Suppose that S7)"_, n? = am? + bm? + cm, then you can use the specila cases for m = 1, 2 , 3 
to determine the values of a, }, c. 


12.8 For the transformation generated by i(L4, + L+,,,), the parameters are given by 


é7 = i(€7, + €7,,) = (e*™” +77) cosmo = 2cosmrt cosmo (12.42) 
&7 = i(€2, + €7,,) = i(e*"* — e-*™") sin mo = —2sinmrTsinmo (12.43) 


12.9 Since M¥”” is 7-independent, it suffices to pick up the 7-independent terms that arise in the 
products. Then, we have 


1 Tv 
am = f do |V 2a! (xh ag — zpap) + 120! ee al 
0 


— a alt.) cos” no] 


27a! On 
- ma (12.44) 
1 
— py’ — oY yt — 5 S = (jb fi av v 
Top Lop a el 7 (een On aa, 
12.10 If the basis states |A) and |’) are different, then we have 
(X’, A) = 6'75(p'* — pt )6(pp — pr) = 0 (12.45) 


12.11 Substitute the expression for |W, ¢) into the Schrédinger’s equation satisfied by the general states, 
then the result will be obvious. 


46 CHAPTER 12. RELATIVISTIC QUANTUM OPEN STRINGS 


12.12 Using the Euler-Lagrange equation, we can directly obtain that 


OL OL ; ii 
— ——— —_— = 0 
ao 055 5 0 => —-V'(¢)+0,0%¢ 

Hi Solutions to the Problems 


12.1 


12.2 For the mode expansion of X/(r,c), its derivatives are given by 


X! (7,0) = V2 a’ Sake —™T cosna, X!'(7,0) = —iv2 a’ Sake ~"T sin no 


neZ neZ 


Using the commutator in Eq. (12.8), we can easily obtain 


[x7"(1, a), o’)| = —2a! S- [ate mT sin mo, S- ave sin no" | 
meZ nez 


= 2a'y! y mesinma sinmo’ = 0 
meZ 


[X14 (7,0), X7(7,0")] = 20’ S- [ate "7 cosmo, S- ave" cosna’| 
meZ neZ 


= 2a'n'7 5 mcosma cosmo’ = 0 
meZ 


(12.46) 


(12.47) 


(12.48) 


(12.49) 


12.3 (a) Since ad commutes with all other oscillators, it does not contribute to our calculations 


presented here. So we have 


[X! (7,0), P7? (7, 0°)] = [xb +iv2 aS- =o, eT cosmo, a ave~'™™ cosno’| 


eo 


1 
= ——[zj,08]+ - Lge S- cos mo cos ma’ 


/ 
TV 2a baer 
ef a ! 
=i? — ) cos mo cos ma 
T 


meZ 


(b) By the basic result of Fourier series, we can obtain 


[#0 )d(a — 0") do’ =F Yeosna [7 f(a’) cosno’ do’ 


neZ 


Then, it gives the following representation of the delta function 


1 
d(a-o')=— S- cos no cos no’ 
TT 


neZ 


12.4 For || < 1, the series 7° ) 2” = 1/(1— 2) holds. Then, we have 


[ ae =-[- at Se" = ee dee-Fe = Pea) 


n=1 
For the small t, the following expansion holds 


1 1 1 t  # 
Sy ee Sa et OP) ee 4 Or 
e—1” #+4+4) al wae ) (t") 


And it is obvious that 


1 
1 1 ¢ 1 i 1 
tet (oS ) + + = 0 
[a cara ek ers Bs ert” 


(12.50) 


(12.51) 


(12.52) 


(12.53) 


(12.54) 


(12.55) 


AT 


therefore we can rewrite Eq. (12.53) as 


al co 
1 ik 1 1 1 1 
r — | ae ao ea eg i ee dt —— (12. 

(s)¢(s) | (sa -7+3- mt 5-41 ogee Fe a 


Using the small t expansion, we can see that the function of the first integral has the order of 
O(tst'). For R(s) > —2, the integral on [0, 1] will always converge. So the right-hand side above 
is well defined. Recall the pole struction of I'(s): Res[I'(s), —n] = (—1)"/n!, we have 

1 1 1 1 


Res{I(s),0]6(0) =-5 > 6(0)=-5 Res(L(s),-1¢(-) => C(-1)=- (12.57) 


We can also obtain the result from the following formula: 


¢(s) = 2°r*-! sin “ra —s)¢(1—s) (12.58) 


12.5 For m+n #40, (Lz, L2] = (m—n)Ly4,. Then, we can check that 


= —(n- m)Lt 


n+m 


eb Fray Sora (12.59) 


[Linas es Lig]] + [Lees Lees Leal] + [Les Eom Lal 


= [Lins (2 — k) Linge] + Lins (Km) Lim] + Les (m— 2) Ling 


(12.60) 
= [(n—k)(m—n—k) +(k-m)(n-—k—-m)+(m—n)(k-m—n)| Linnse 
=0 
For the Virasoro operators built with just one type of oscillator, we have 
1 
[Lm Ln] = —[(n— M)Ln4m + —(n? — n)bn4mo] = —[Ln, Lm] (12.61) 


12 
[Lomas Dray Lee] + [Lens (Ley Lon] FH [Des Ly Lal] 
=[Lm,(n — k)Ln+n] + [Ens (k — m)Legm] + (Le, (m—2)Lm+n] 
= [(n—k)(m—n—k) + (k-m)(n—k-—m) + (m—n)(k—m—n)|Lmtnte (12.62) 
+ Syl — B)(m® — m) + (b—m)(n® — n) + (m — n)(K — A) Snanteo 
=0 
12.6 (a) A(—m) = —A(m), A(0) = 0. 
(b) Now, we consider the Jacobi identity for L,, L, and Ly, with m+n+k=0. 
[Leis ras Lemel] Fe nes ele] + [ps ey Ee] 
=[Lm,(n — k)Ln+n] + Ln, (Ki — m)Letm] + (Le, (m— 2) Lm+n] 
=[(n—k)(m—n—k) +(k—m)(n—k—- bane —n)(k—m—n)|Lo (12.63) 
+ [(n— k)A(m) + (k—m)A(n) + (m—n) 
=(n—k)A(m) + (k — m)A(n) + (m—n)A(k) 
(c) From the identity above, we can obtain the following difference equation: 
(m—n)A(m+n) = (m+ 2n)A(m) — (2m + n)A(n) (12.64) 
12.7 (a) If Ly |A) = 0 and L2|A) = 0, then we have [L2, £1] |A) = £3 |X) = 0, [L3, Li] |A) = 2L4|A) = 0, 
and so on. Therefore, the state is annihilated by all L,, with n > 1. 


(b) [Z1, Lo] = Ln, [Lo, L-1] = L-1, [L1, L-1] = 2L0. They form a subalgebra of the Virasoro 
algebra. There are no central terms here. 


12.8 (a) The combination L+ — L+,,, reparametrizes the o coordinate of the string while keeping 
7 =0. They form a subalgebra of the Virasoro algebra. For m 4 +n, we have 


(i. -—L 


—m) 


(b) 
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12.9 (a) It is easy to verify that 


&7 = me" cosmo = E27, €2, = ime sinmo = €7! (12.66) 

(b) For the change of coordinates, we have 
O,X = (14+ €0,6")0~X, OgX = (14 €05€°)Og X (12.67) 
O,X -OgX = (1+ €0gE7)? Op X + Ogi X = 0 => OX + Ogi X =0 (12.68) 


(O,X)? + (OnX)* = (1+ €Og€7)? [(OpX)? + (Og X)?] = 0 = (O7/X)? + (Og X)? =0 (12.69) 


12.10 (a) If the orientation of this second string is the direction of decreasing o, then it equals the first 


one. 
(b) 
12.11 (b) The critical points are given by V’(¢) = 0. 
1 

Vi(¢) = wee — $0) =0 > de =0, go (12.70) 

, ¢> 1 ¢? go 
V2() = ~gqlél(1 +n) =0=> ¢ =0, ag (12.71) 

1 

V3(@) = aay — $5) =0 > ¢ =0, +¢0 (12.72) 


(c) The mass of the scalar particle for the critical point ¢ is given by m(¢) = V’’(@). 


V"(8) = F526 ~ 60) > m(0) =, m(bo) = (12.73) 
” = l ev = ite go = 1 
Vv; (6) =-59(2+G) = m(0) = 0, m( + a) =-55 (12.74) 
" = 1 2 2 =. 1 ee cb. 
Va (0) = 55 R (39° — $9) = m(0) = —57, m(+¢o) = | (12.75) 


Chapter 13 


Relativistic Quantum Closed 


Strings 


@ Summary and Supplement 


1. Mode expansions and commutation relations 


X*(r, 


o)=XE(r+o0)+ XR(rT-0), X"*(7,0) = 


Le | a Qe 7 —inu 
XF(u) = x20" ae oy hu Te = alte 
U 1 Ru a! bb He —inu 
Xp(v) = gto ty oort “5 = al 


2 0 


X" (1,0 + 27) 


a L R 
= = He w_ Ru 
Ay =a; a= sP', Ip =%y = 


2 


X* (7, o) = ah + /9 alakr +i ed <= ev int (atte He Ge =) 


2 eo 

XM 4 XM = OX (7 ta) = V2a! Sake Mt) 

neZ 
X¥— XM = AXB(r — 9) = V2a! SS ake) 
neZ 
[a a] = Moma [an oe = momnt” , ear ar] = 0 
lar sae an = — dant [ares Oe | = Onan; [x).p”] = in’? 
Xt =a'p*t, 0, =a'ptdxt, H=dptp 
2. Closed string Virasoro operators 
. 1 : 
X- AX = ——(X-4 x7’ 
Dap | ) 
6. oe asad = 4a! S > Le ite), Cae — X-')? = 4a’ S- Tee Ge) 
neEZ neEZ 
ame - ORS 
2a’a, = —(L;, - 1), 2a’a, = —(Lz - 1) 
pt 
r1_ @ yy le a ry 1 a L 
bg PP Ny Pg Pe sd. Chg =a 

Nt= So riallan, N-= ae at, N-=WN 

n=1 n=1 
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(13.1) 


(13.2) 


(13.3) 


(13.4) 
(13.5) 
(13.6) 
(13.7) 


(13.8) 
(13.9) 
(13.10) 


(13.11) 


(13.12) 


(13.13) 
(13.14) 


(13.15) 


(13.16) 


50 CHAPTER 13. RELATIVISTIC QUANTUM CLOSED STRINGS 


3. Closed string states space 


Ze ‘i S 
Rry = S77 + Ary t+ $677, trS;7 = 0, = D2 
Graviton fields: S- Sryattayt |p*, Pr) 
I,J 
Kalb-Ramond fields: ae Arysattayt bar Pr) 
I,J 


Dilaton fields: S'at tavt ler Pr) 


4. A brief look at superstring theories 
aga, Gage, ag. gue? 
bi(T,0) =Vi(r—-0), ¥3(7,0) = ¥3(r +0) 
bi(7,0) = ¥3(7,0), vt (7,7) = £d3(7,7) 
Ramond boundary condition: (7,7) = +W!(r, —z) 


Neveu-Schwarz boundary condition: W/ (7,7) = —W!(r, —2) 
weir“), oh bt, = bE bt, =0 
reEZ+1/2 
NS sector: Il Tl! al, amt Il II « (b2,.)°r7 |NS) ® |pt, Pr) 
I[=2n=1 J= 2r=4,3,-- 


= S- die"), ground states: |R4), A=1,...,16 


neEZ 
9 co 9 co 
R sector: II II (at, Il Il (d2 in)? |R4) ® |p*, Pr) 
I=2n=1 J=2m=1 


1 
“5 +N+, R Sector: a’M? = N+ 


NS Sector: a’ M? = 
bosonic states: bi |NS) @ \p*, pr) , fermionic states: |R{) @ |p* pr) 
NS-NS massless fields: giv, Bur, ¢, b jab? 170 NS), ® |NS) p ® \p* pr) 
Type IIA, Type IIB, Eg x Eg heterotic, SO(32) heterotic, Type I 
MH Quick Calculations 


13.1 By the definition of LZ, and L*., we can obtain 


= 1 oo _ fa! 7 fal. 
[Eni = oe [ap On eto) = [ag , 2] a”, =-i aT Gn =-1 = ‘ 
pez 
1 . / . / 
Pier | = 5 Pe [og ay, | = [ag , 26] ae. = —14/ =" am = —14/ =o, 
pez 


13.2 First, we point out that the following relations hold 
[Ln & a = =n ins [teas a, |= —nal ins oe ar] _ [L704 =0 
Then, using Eq. (13.5), we can prove that 


bie aite o)| = ar 04 | jo © y= Pel Pere ; are —ino 


rer 


jo «af 4 poe > awe —in(t+0o) 


2 
_ 5 (xe 4+ XB 


(13.36) 


(13.37) 
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[id X7 (7, e)| = [Lt, 24] + ee ak = a" (Le at le 


aa 


=i %0f — if % abe ~in(r—o) (13.38) 


n#0 
= — 5x" ~ x") 


13.3 The 16 ground states are listed as follows: 


IR): |0), €2€1|0), 3&1 |0), €4€1 10), €3€2 0), €4&2|0), €4€3 10), Er€3€2&1 |0) (13.39) 
|R3) : &1 |0) ) &2 |0) ’ &3 |0) ) &4 |0) ’ €362€1 |0) ’ £46061 |0) ; €4€3E1 |0) ’ £46382 |0) (13.40) 


We can see that the eight ground states |R{) have an even number of fermionic operators and 
the other eight states |R$) have an odd number of fermionic operators. 


13.4 From Eq. (13.26), we can conlcude that all states in the turncated NS sector have half-integer 
N+ eigenvalues and integrally valued a! M?. 


13.5 The numbers of graviton, Kalb-Ramond, and dilaton states in ten dimensions are 35, 28, and 1. 
Add these numbers up and we just get 64. 


@ Solutions to the Problems 
13.1 (a) 
(b) Using Eq. (13.7), we have 


ict = Ge a), = XG, o’)] ] = 2a’ Seer oc) [of >, ae —in(r—o") 
meZ neZ 


= 2Q/ ye mg er? ) (13.41) 
meZ 


d 
= —Ara’in'! —é(o — 0’) 
do 
Then, it is obvious that the following holds 
d(a — 0’) = — x geet (13.42) 
13.2 
13.3 (a) Define f(a) = e~*P X! (7, c)e*P™, then we have 


d : xt ; 2 : 2x! : 
FL gree (e a uaa = e tPoo (~~ as shes (13.43) 
By the Taylor’s theorem, we can obtain 


flo 10+ (Sor) 


(b) The relaion holds for the following reasons 


= 3 ee = X1(r,0 + 00) (13.44) 


oo=0 


= Cue oc a)eiPoo] = tS, Ga a)e'Poo (13.45) 

. 

2 Caer aica aeiPoo| = e Peo XI (7, get Poo (13.46) 
a 


(c) Using Eqs. (13.6) and (13.7), we can obtain 


V2a’ Se —iPo0 6, y toe gam T+o) _ /5 al Sat ( r, o)e iPoo @—in(t+o+00) (13.47) 


neEZ neZ 
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[Jo S- e7tPoo a. Prag re) = [Jol > al, (r, gee ere) (13.48) 
neZ neZ 


—iPop <I (iPog _ =I ,—inao —iPoo .I (iPog _ I Wino 
€ Cae = ae , e Sa e* 7 = qi en (13.49) 
(d) Using the reults above, we have 
e iP oo |U) = (eProy! een l(a eng! et te) |U) = ia 2 8 |U) (13.50) 
The invariance of |U) under oo transformation requires 09 = 2k7. 


13.4 (a) Using Eq. (13.12), we can obtain 


20 20 
i doX!X" =a! a) doe" (Li — em — T+e?) — Ina! (Lt — Lt) (13.51) 
0 nez” 9 


13.5 


13.6 
13.7 (a) b%b: 8 x 7+ 1=57. bb'2b%: 8 x 7x 641 = 337. bY d2b%b4: 8x 7x 6xX5+1= 1681. 


Part II 


DEVELOPMENTS 


Chapter 14 


D-branes and Gauge Fields 


@ Summary and Supplement 
1. Quantizing open strings on Dp-branes 


DD: XG o)|.2 x ye) =2£°, a=ptl.,... 


NN: X'™(r, o)| BGs Co o)| =0 


o=0 o=T ’ 


HB Quick Calculations 

14.1 

14.2 

14.3 

@ Solutions to the Problems 
14.1 

14.2 

14.3 
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CHAPTER 14. D-BRANES AND GAUGE FIELDS 


Appendices 


Appendix A 


Elements of Ex 


A.1 Introduction 


Source from: http: //en.wikipedia.org/wiki/E8_(mathematics) 


In mathematics, Eg is the name given to several closely related exceptional simple Lie groups and Lie 
algebras of dimension 248; the same notation is sometimes used for their root lattice, which has rank 8. 
The designation Eg comes from Killing and Cartan’s classification of the complex simple Lie algebras, 
which fall into four infinite families labeled A,, Bn, Cy, Dn, and five exceptional cases labeled Eg, Ez, 
Fg, Fy, and Gp. The Eg algebra is the largest and most complicated of these exceptional cases. 


The Eg Lie group has applications in theoretical physics, in particular in string theory and supergravity. 
The group Eg x Eg serves as the gauge group of one of the two types of heterotic string and is one of 
two anomaly-free gauge groups that can be coupled to the NV = 1 supergravity in 10 dimensions. Eg 
is the U-duality group of supergravity on an eight-torus (in its split form). One way to incorporate 
the standard model of particle physics into heterotic string theory is the symmetry breaking of Ex to 
its maximal subalgebra SU(3) x E¢. In 1982, Michael Freedman used the Fg lattice to construct an 
example of a topological 4-manifold, the Eg manifold, which has no smooth structure. In February 
2008, Garret Lisi published a particle physics theory based on the Eg Lie group. 
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APPENDIX A. ELEMENTS OF Eg 


Appendix B 


Modular Forms 


B.1 Introduction 


Source from: http: //en.wikipedia.org/wiki/Modular_form 


In mathematics, a modular form is a (complex) analytic function on the upper half-plane satisfying 
a certain kind of functional equation and growth condition. The theory of modular forms therefore 
belongs to complex analysis but the main importance of the theory has traditionally been in its 
connections with number theory. Modular forms appear in other areas, such as algebraic topology and 
string theory. A modular function is a modular form of weight 0: it is invariant under the modular 
group, instead of transforming in a prescribed way, and is thus a function on the modular region (rather 
than a section of a line bundle). Modular form theory is a special case of the more general theory of 
automorphic forms, and therefore can now be seen as just the most concrete part of a rich theory of 
discrete groups. 
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APPENDIX B. MODULAR FORMS 
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